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Abstract 

Let Ai{x;(p) be the error term of the first Riesz means of the 
Rankin-Selberg zeta function. We study the higher power moments 
of Ai{x]ip) and derive an asymptotic formula for 3-rd, 4-th and 5-th 
power moments by using Ivic 's large value arguments. 

Ill 

1 Introduction and main results 

Let (p{z) be a holomorphic form of weight k with respect to the full modu- 
lar group S'L2(Z), and denote by a(n) the n-th Fourier coefficient of (p{z). 
Suppose that ip{z) is normalized such that a(l) = 1 and T{n)ip = a{n)ip for 
every n € N, where T{n) is the Hecke operator of order n. Let 

\n 

Deligne's [1] proved that |a(n)| < n('^~^^/^(i(n), which implies c„ <C n*", 
where d{n) is the Dirichlet divisor function. The classical Rankin-Selberg 
problem is to study the upper bound of the error term 

(1.1) A{x;ip) ■.= ^Cn-Cx, 

■n<x 
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where C is an explicit constant. Rankin [7] proved that 
(1.2) A(x;99) = 0(xt), 

which was stated by Selberg [8] again without proof. However, no improve- 
ment of (1.2) has been obtained after Rankin and Selberg. Ivic [2] proved 
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that A{x;ip) = i}±{xs) and conjectured that A{x;ip) = 0(x8+^). 

In [5], Ivic, Matsumoto and Tanigawa studied the Riesz mean of the type 



Dp{x; ip) := Yf-^^i^ - ^y^^- 

n<x 



Define the error term Ap(x; (p) by 



where 
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oo 

Z{s) = ^Cnn-\ 3f?s>l 



n=l 

the integral being taken over a fundamental domain of SL2{'L) and Z[s) 
can be continued to the whole plane. 

Ivic, Matsumoto and Tanigawa [5] studied the relation between /S.[x;(p) 
and Ai(x; ip). They proved if Ai(x; ip) = 0(x") holds for some a > 0, then 
A(x;(^) = 0(x"/^). They also proved that 

(1.4) Ai(x;(^) =0(xf) 
and 

(1.5) r Alix; ^)dx = ^(2vr)-nf; cln~'l')T^'" + 0{T^^^'). 

Recently, Ivic [3] studied the fourth power moment of Ai(x; ip) and proved 
that 



(1.6) j Ai{x;^)dx <^T 



ll/2+£ 
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/•2T 

(1.8) J \Ai{x;ip)\^dx<^ 



Note that (1.6) is the best possible up to s. Both of (1.5) and (1.6) support 
the following 

Conjecture. The pointwise estimate 

(1.7) Ai(x;^) <a;9/«+^ 

holds. 

In this paper wc shall prove that for the fourth-power moment of Ai (x; </?) , 
we can get an asymptotic formula, which substantially improves Ivic 's esti- 
mate (1.6). More generally, wc shall establish the asymptotic formula for the 
A;-th power moment of Ai(x; ip) with k = 3,4, 5. We first prove the following 
Theorem 1, which is an upper bound result. 

Theorem 1. Suppose A> is a fixed constant, then we have 

f2T^^ ^ ,,4, f T^+^^/s log39 T, if 0<A< 16/3, 

rp{3 + (iA}/5 log5 -Jj^y ;L6/3. 

Remark 1. From Theorem 1 we know that the estimate 

/•2T 

(1.9) J \Ai{x;ip)\^°dx<^T^+^^°/^+' 

holds for ^0 = 16/3. The value of Aq for which (1.9) holds is closely related 
to the upper bound estimate of Ai{x;ip). The exponent 16/3 follows from 
the estimate (1.4). 

Before stating the asymptotic results, we introduce some notations. Sup- 
pose / : N ^ M is any function such that f{n) <C n*^, /c > 2 is a fixed integer. 
Define 

(1.10) E T^.::'Jlm ('s'<*'' 

^' ... - 21) 
l{f) COS . 



(1.11) B,if):=J2(^^ I ^)sk; 



We shall use Sk-i{f) to denote both of the scries (1-10) and its value. 
Suppose ^0 > 3 is a real number, define 

Kq := mm{n G N : n > Aq, 2|n}, b{k) := 4*-^ + 

8 

Siik,Ao):=^4^, S2{k,Ao):= "^''^"^ 



45(Ko) ' Abik)+Aa{k,Ao) 
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Theorem 2. Let Aq > h he a real number such that (1-9) holds, then for 
any integer Z < k < Aq, we have the asymptotic formula 



Remark 2. From Theorem 1 we see that k G {3, 4, 5}, we can get the asymp- 
totic formula (1.12). Moreover, if the estimate Ai(x;(^) ^ 3.19/16-5 holds 
for some small (5 > 0, then the asymptotic formula (1.12) holds for k = 

The constant 5i{k,AQ) is very small when k = 3,4,5. In these three 
cases, we have the following Theorem 3. 

Theorem 3. If k = 3,4,5, then 
(1.13)^ 

I" (x; ^)d. = ^^^^^,T-^'"' + 0(r^-^'=/-MM6/3)+.). 

Remark 3. Note that 

52(3, 16/3) = 7/248 > 1/36, (^2(4, 16/3) = 3/662 > 1/221, 
(52(5, 16/3) = 3/5192 > 1/1731. 

So we get the following corollary. 

Corollary 1. We have the following asymptotic formulas, 

Afix; cp)dx = + 0(riV2-i/22i+.)^ 

£ Af (x; ^)dx = Y^i^T^'^' + 0{T^^/'-y^'^'^n. 

2 Preliminary Lemmas 

Lemma 2.1. Suppose x > 1 is a real number . For any N > 1, define 

(2.1) n^{x;N) = {2^,)^^^/^ ^ (stt^- ^) . 

n<N " 

//K AT < x^, then 

(2.2) Ai(x; ^) = TZiix; N) + 0(x^+" + x^l'^+^ N-^'"^). 
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Proof. (2.2) is a special case of Lemma 2 of [5] . □ 

Lemma 2.2. Let S be an inner-product vector space over C, (a, b) denote 
the inner product in S and ||a|p = (a, a). Suppose that ^,ipi,--- ,^pR are 
arbitrary vectors in S. Then 

^|(e,V^z)P< lief max 
1<R l2<R 

Proof. This is the weh-known Halasz-Montgomery inequahty. See (A. 30) of 
Ivic [3]. □ 

Lemma 2.3. Suppose k >3, {ii, - ■ ■ ,ik-i) £ {0, l}'^"^ such that 

^ + i-ir + (-1)*' + • • • + (-1)^*-^ ^ / 0. 

Then we have 

I ^+(-1)*^ ^+(-1)^^ • -+{-1^-' ^\ > max(ni, • • • , nfc)-(^'"'- 

Proof. We follow Tsang's approach [9j. Consider the number field Q{^/ni, • • • 
Its degree h is one of the following numbers: 1,4,4^, • • • ,4*^. If /i = 1, it is 
trivial. Suppose h> 4. Let 

a = ^ + i-lf' ^ + i-ir ^ + • • • + (-l)^'=-i ^ 

and a = ai,a2,a3, ■ ■ ■ ,ah denotes all conjugates of a. Without loss of 
generality, suppose 

ah^. = -aj, l<j<h/A; 
Oihj^- = V^ctj, 1 < j < h/4, 
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a3h_^_j = —V—^aj, 1 < j < h/A. 
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Since aia2 • • • a/i is a nonzero integer, we have |aiQ2 • • • a^l ^ 1 and hence 

\a1a2 ■ ■ ■ ah/i\ > 1, 
which combining the trivial estimate |Qj| < A;max(ni, • • • ,nfc) gives 

|a| > > /fci-V4max(ni,-- - , nfc)-(Vi6-i/4) 

ni=2i«ii 

> A;i-4'"max(ni,--- , nfc)-^^"'-!/^) 
if noting that /i < 4*^. This completes the proof of Lemma 2.3. □ 



Lemma 2.4. Suppose y > 1- Define 



ff \ \^ /(ni)---/(nfc) , , , s 

^- ^ (ni---nfe)'/* 

nj<y, i<j<k 



TheTi 

Proof. This lemma can be proved by the same argument of Lemma 3.1 of 
the second author [101, so we omit the details. □ 



3 Proof of Theorem 1 



In order to prove Theorem 1, it suffices for us to study the upper bound of 
the integral Jj, \Ai{x; (f)\^dx. 

3.1 A large value estimate of Ai(x; ip) 

We first prove the following Theorem 4 via Ivic approach (see, Chapter 13 

of m). 

Theorem 4. Suppose T < xi < X2 < • ■ ■ < xm < 2r satisfies |Ai(x/; ip)\ » 
VT (/ = 1, 2, • • • , M) and \xj - x^] > F » 2^2/2i£34/2i ^ ^j^^^ 
have 

(3.1) M < TV'^C^ + rV^25£39^ 

where we put C = logT. 

Proof. Suppose ^ < Tq is a parameter to be determined later. Let / be 
any subinterval of [T, 2T] of length not exceeding To and let G = / n 
{xi,X2, • • • , Xm}- Without loss of generality, we may suppose G = {xi,X2, • • • ,xmo}- 



Suppose J 
2.1 we get {T <x< 2T) 



(l+4£)£-21og V 



then N = 2^+^ x j,i+iey-2^ gy Lemma 



<cri 



n<N 
J 



/4^ 



3=0 ri~2J 



6 



Squaring, summing over the set G and then using the Cauchy inequahty we 
get that 



(3.2) A?(xz;^)«tI 

l<Mo l<Mo 



j n~23 



«TicY,Y. 

l<Mo j 



« rt£2 Y 

l<Mo 



for some < jo < J- Let Nq = 2^0. 

Take ^ = {Cn}^i with ^„ = Cnn~'^ 1^ for n ^ Nq and zero otherwise, and 
take (fi = {9?i,n}^i with (pi^^ = e(4(na;;)-^/^) for n Nq and zero otherwise. 
Then 



/4^ 



„7/4 



where we used the bound 

(3.3) E^n«^l°g'" 



ri<x 



proved in [6]. 



7 



Prom (3.2) and Lemma 2.2 we get 
(3.4) 



l<Mo 



5^ cnu-y^e (4{nxi)'/') 



n^No 



'i<Mo.4f, 



l2<Mo 



n^No 



N^f^ li<Mo ^ 



x;e(v/^(</^-0) 

5:e(4nV4(.f -xf)) 



By the Kuzmin-Landau inequality and the exponent pair 
(1/11, 9/11) = C6/n((0, 1), (1/6, 4/6)) 

we get 



^e(4nVV^-.f))« 



N, 



3/4 



n~No 



+ 



1/11 



3/4 



■9/11 







(iVor)3/4 ^ ^ K^^^ 



1/11 



(iVor)3/4 ; 

-3/442nl/lljY3/4 



AT, 



-9/11 



where we used the mean value theorem and the estimate \xi^ — < ^o- 
Substituting this estimate into (3.4) we get 

(3.5) Mo < /:3+.j.l/4^1/4 ^ ^3+.j,l/4^-3/4 



X max 
ii<Mo 



^ (iVpT)^/^ _3/44rVlljv3/4' 



« £3+^^1/4^1/4 ^ ^4+ej.^-l ^ £3+e^^^2/ll j4/ll 
« £4+.j.y-l + £3+e^^^2/llja/ll^ 

where we used the facts that {xi} is F-spaced and iVo < T^+^^F^^ ^ake 

To = 1A22j.-2£-34^ gggy (.j^gg]^ ^j^at To » y if y » ^2/21^34/21 

get for this Tq that 
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Now we divide the interval [T, 2T] into 0{1+T/Tq) subintervals of length 
not exceeding Tq. In each interval of this type, the number of x/'s is at most 
0(£^+"ry"3) . So we have 

(3.6) M < £4+^ry-3(l + ^)^ C^TV-^ + £392-4y-25_ 

To 

This completes the proof of Theorem 4. □ 
3.2 Proof of Theorem 1 

Now we prove Theorem 1. When ^ = 0, Theorem 1 is trivial . When 
< A < 2, it follows from (1.6) and the Holder's inequality. So later we 
always suppose ^ > 2. It suffices for us to prove the estimate 

/•2r r Ti+9^/8log39r, if2<A<16/3, 

(3.7) / \Ai{x;ip)\^dx<. { , w . - / ' 
^ ' ' \ T(3+6^)/5log5r, if A > 16/3. 

Suppose <^y < x/2. By the definition of Dp{x; ip) we get 

Ai(x; if) = ^(x - n)cn - IL^^x"^ - Z{0)x. 
n<x 



So we have 

\Ai{x + y;ip) - Ai(x;(^)| 

<l X] {x + y- n)cn - y^(x - n)cn\ + \{x + yf - x^\ + y 

n<.x+y n<x 

<Cy|^c„| + | ^ {x + y - n)cn\ + yx <^ yx, 

n<x x<n<x+y 

where we used the bound '^x<n<x+y^'n' ^ U proved in {5]. So there exists 
an absolute constant cq > such that 

\Ai{x + y;ip) - Ai{x;ip)\ < c^xy, 

which implies that if |Ai(x;99)| > 2c()xy, then 

(3.8) \Ai{x + y;ip)\ > \Ai{x;ip)\ - \Ai{x + y;ip) - Ai{x]ip)\ > CQxy. 
From (3.8) and an argument similar to (13.70) of Ivic [4] we may write 



(3.9) 



/•2T 

/ \Ai{x;^)\^dx -^T^ +Y,V Yl |Ai(x.;v^)|^ 

•^^ V r<Nv 
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where T^s < y = 2"^ < T^s, VT < |Ai(a;^;(p)| < 2VT {r = !,■■■ ,Nv) 
and |xr — > F for r 7^ s < = A'"v'- 

Suppose first 2 < A < 24. By Theorem 4 we get 

(3.10) V J2 |Ai(x,;(^)|^<r^iVyF^+i 

r<Nv 

< j^l+A+i(A-2)^5 _^ j.l+^^39_ 

If ^ > 24, then by Theorem 4 again we get 

(3.11) V |Ai(x,;(/p)|^<r^iVyF^+i 

<C £5 j.l+AyA-2 _|_ £39j.4+AyA-24 

^ ^l+A+i(A-2) ^5 ^ ^.^i^ ^39 

_ 6A+3 ^t- 

Prom (3.8)-(3.11) we get (3.7) easily. This completes the proof of Theorem 
1. 

4 Proofs of Theorem 2 and Theorem 3 

Suppose T > 10 is a real number. It suffices for us to evaluate the integral 
lS.\{x)dx. Suppose y is a parameter such that < y < T^/^. For any 
T < X < 2T, define 

7^l =7^l(x,y) := (27r)-V/« ^ ^ cos(87r^ - j), 



^ nV^ ' ^ 4' 

n<y 

7^2 = 7^2(x,y) := Ai(a;;<^) - 7^l. 

We shall show that the higher-power moment of 7^2 is small and hence the 
integral A\{x;ip)dx can be well approximated by TZ^dx, which is 
easy to evaluate. 

4.1 Evaluation of the integral J^^ Tll^dx 
For simplicity we set I = {0, 1} and 

N'' = {n: n = (m, • • • ,nk),nj G N, 1 < j < k}. 
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For each element i = {ii, • • • , ik-i) € l'^ ^, put \i\ = ii + ■ ■ ■ + ik-i- By the 
elementary formula 

cos ai • • • cos ajk = ^ cos(ai + (-l)*io2 + (-l)*"a3 + - • • + (-l)"=-iafe), 



2k 



we have 



where 



a(n; i) : = ^ + (-l)^i ^ + (-l)^^ ^ + . . . + 
: = 1 + (-1)^1 + (-1)^2 + . . . + 



Thus we can write 

(4-1) ^i = (,^pl,,_i (^i(^) + g2(x)), 

where 

E 

ielfc-i ^ ^ nj<y,l<j<k ^ ^ 

a{n;i)=0 

a(n;i)5'^0 

First consider the contribution of Si{x). We have 
(4.2) / 5i(a;)dx 



igjfc-l ^ ' rij<y,l<j<k 

a{n;i)=0 
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It is easily seen that if a{n; i) = 0, then 1 < |«| < A; — 1. Let I = then 
we have 

nj<y,l<i<k ^ 

a(Ti;i)=0 



where Sfe;;(/; y) was defined in Lemma 2.4. By Lemma 2.4 we get 

r2T I-2T 

Si{x)dx = Bl{c) 
It Jt 

where 



(4.3) / Si{x)dx = Bl{c) / x^dx + 0(Ti+9^/^+=y-=^/4), 
7t Jt 



For any i G l'^"^ \ 0, let 



S{c-i):= Yl 



(ni---nfe)7/8' 

a(n;i)=0 

It is easily seen that if \i\ = or \i\ + = k, then 

S{c;i) = S{c;i') = Sk-\i\{c). 
Prom (—1)-' = 1 — 2j [j = 0, 1) we also have = k — 2\i\. So we get 

(4.4) BUc) = E cos(-^)S(c; i) 

1=1 \i\=i 

1=1 \i\=i 

A - A / N T^ik-2l) „ , , 
= Z^( / )sik;Kc)cos =Bk{c). 

1=1 ^ ^ 

Now we consider the contribution of S2{x). By the first derivative test 
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and Lemma 2.3 we get 

f2T 



(4.5) / S,{x)dx^Tl^'f E 7 ""^^isT, -M 

a(n.;i)^0 



« rt+f y4'"'-V4 ^ 



Hence from (4.1)-(4.6) we get 
Lemma 4.1. For any fixed k > 3, we have 
(4.6) 

fj'^1dx = ^^^^ /J'^xf dx + o(r^+f-^vUTi+f +V«). 



4.2 Higher-power moments of 7?^2 

Taking N = T in the formula (2.2) of Lemma 2.1, we get 



(4.7) n2 = {2n)~^x8 Y ^cos(87r.ynx-7r/4) + 0(r 

y<n<T " 



«ki J] ^e(4^)|+^l+^ 

2/<n<T " 



which implies 

r.2T r2r 



(4.8) / 7^idx<^3+^+ / 1x8 y ^e(4^)Pdt 

•'^ -"^ y<n<T 

2 

^ rp3+e I j.13/4 '^n , rp3 \ ^ '^nCm 

^^n7/4^ ^^^(mn)V8(^-^) 

y<n<T y<m<n<T ^ / v v v / 



y3/4 



y3/4 ' 

where we used the estimate (3.3) and the estimate 



y<m<n<T ("^n)V8(^-^) 
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which can be proved in a standard way. 

Now suppose y satisfies y^^(^o) < T. Hence from Lemma 4.1 we get that 



/.2T 

j |7^l|^odx«Tl+9^"/8+^ 

which impUes 

1-2T 

(4.9) j |7^l|^odx<^^+9^o/8+^ 

since Aq< Kq. Prom (1.10) and (4.9) we get 

[■2T (■2T 

(4.10) / |7^2|^°c^a;< / (|Ai(a;; (/^)|^° + |7^l|^°)dx < r^+9^o/8+^ 
Jt Jt 

For any 2 < A < Aq, from (4.8), (4.10) and Holder's inequahty we get 
that 

/■2T I-2T 2(Ao-A) Ao(A-2) 

(4.11) / |7^2^dx= / |7^2| ^0-2 A)-2 



T JT 



Aq-A 

2T \ ATTrr / r2T 



1 , 9A . 3(^0-^) 
< T^+T+^y 4(Ao-2) _ 

Therefore we have 
Lemma 4.2. Suppose < y < T^I'^K^o)^ 2 < A < Aq, then 

/■2T 3(An-A) 

(4.12) y |7^2|^£ix < T^+^+^y *(-*o-2) . 

4.3 Upper bound of the integral TZ\^^TZ2dx 

In this subsection wc shall estimate the integral TZ^^^TZ2dx. Suppose 
^ y ^ 2^i/46(/4"o)^ which combining Lemma 4.1 implies that 



2T 

1. 1 1 , 9(fc-l) 

7^l *^-^dar<ri+^^. 



'T 

Thus from (4.7) we get 

/■2T f2T 

(4.13) / n\-^n2dx= / 7^^-^7^^da; + o(r^+^ 
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where 

n% = (27r)-2a;l y cosfSTT^ - 7r/4). 



y<n<T 



Similarly to (4.1) we can write 



where 

9k 



i^lk-ly<ni<Tnj<y,2<j<k ^ ^ 
a{n;i)=0 

By Lemma 2.4 the contribution of S3{x) is 

l'2T f2T 

(4.14) / 53(x)dx « E E E / 

a{n;i]=0 



^'^\Sk;l{c;y) - Sk;l{c)\ x^dx 



By the first derivative test and Lemma 2.3 we get 



(4.15) 

f2T 



/•Zi 



Zgl's-l y<ni<T nj<y,2<j<k 

. ^ . ^ (m-- -71^)7/8 |a(n;i) 

a(7x;i)^0 

I 7-'| + ^ Cni Cn2 • • • Cwfc 

2-^ ( \7/8 1/4 

a(TZ.;i)^0 

«Tl+fy''«. 
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Prom (4.13)-(4.15) we get 

/•2T 

(4.16) J 7^^^7^2dx « r^+f + r-^+fym + r^+f 

4.4 Proof of Theorem 2. 

Suppose 3 < k < Ao and < y < T^/^KKo) _ ^^e elementary formula 
(a + 6)^= = + ka'^-^b + 0{\a^-^b'^\ + Itl'^), we get 

(4.17) / /\\{x]ip)dx= I n\dx + k I n\-^n2dx 

Jt Jt Jt 

By (4.9), Lemma 4.2 and Holder's inequality we get 

(4.18) j \n\-^nl\dx 

< ( y dxj I J |7^2|^o-fe+2dx 



3(AQ-fe) 
^ j.l+9fc/8+£y- 4(^0-2) _ 

Now take y = T^/'^KKo)_ pj-^^ (4.16)-(4.18), Lemma 4.1 and Lemma 4.2 
with ^ = A; we get 

(4.19) 

r Al{x; ^)dx = r x^'/'dx + o(Ti+9^/8-('='^o)/46(i^o)+.) 

Jt (V27r)'^2'=-i 7t 

^ Bkjc) /•^'^ x'^^^^dx + 0(t1+9'=/^-'^i('='^o)+^). 
(\/27r)'^2'=^i 7t 

Theorem 2 follows from (4.19) immediately. 
4.5 Proof of Theorem 3 

Suppose < y < T^/^. Using the arguments of Theorem 4 directly to TZi 
we get 

p2T 

(4.20) J \ni\^°dx<^T^+^^°/^+^ 



16 



holds with Aq = 16/3, <y< T^^. Thus 



(4.21) ^'^|7^: 



holds with Ao = 16/3, < y < T^/^. 

By the same argument as in last subsection, we get that for < y < 

rpl/3 

(4.22) 

/•2T /■2T 

/ A^(x; ip)dx = / 7^^c^x + o(Ti+9^/«+^y-(*^'W3) + yl+f yf(fc)). 
Jt Jt 

Take y = TV(4b(fc)+4'T(fc,i6/3))_ p^.^^ Lemma 4.1 again we get 
(4.23) 

Jt (271") 2 Jj^ 

^ Bkjc) /■^^^9fc/8^^_|_^^j,i+9fc/8-52(fc,16/3)+£-)_ 

(27r)''2'^~-^ Jt 
Now Theorem 3 follows from (4.23). 
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